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Abstract.
Hydrodynamical stability of axisymmetric 
ows is of classical inter est while studying the

onset of turbulence in the accreting matter. The instability of lami nar 
ow to in�nitesimal dis-
turbances points to possible turbulization of motion. It's generally ac cepted that astrophysical
disks have almost keplerian angular velocity pro�le being stable accor ding to Rayleigh criterion
that is equivalent to the stability to axisymmetric disturbances . As a consequence, the non-
axisymmetric type of disturbances were investigated by several authors in the middle 1980's. It
turned out that free boundaries induce exponential growth of such mod es in basic shear 
ow
with positive gradient of speci�c angular momentum which implies the stability by Rayleigh
criterion. In present work the non-axisymmetric sort of instabilit y is reexamined in wide range
of parameters for incompressible and compressible homentropic perfect 
uid. Additionally, along
with usual power law for angular velocity pro�le the Keplerian law wi th quasi-sinusoidal devia-
tion was involved into the research. In the last case enthalpy gradient vanishes at the boundaries
and this substantially modi�es the dispersion relations for unstabl e modes.
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1. Introduction
The origin of hydrodynamical turbulence in axisymmetric accretion 
ows is sti ll the

subject of inquiry in the numerous publications. Usually the problem of turbulence gen-
eration begins with studying of the original laminar 
ow stability to hydr odynamical
disturbances (in linear or non-linear regime). The instability of laminar 
ow can gi ve rise
to the turbulization of motion. At the moment, there are two main trends of in vestigation
in this area.

The �rst one, seeming to be quite productive, requires coupling of matter and magnetic
�eld and is based on the well-known magneto-rotational instability (discovered by Ve-
likhov (1959); Chandrasekhar (1960) ). The combination of di�erential rot ation with suf-
�cient conductivity of 
uid makes the basic 
ow unstable to in�nitely small disturbances.
The main condition is that angular velocity must decrease outwards. The physical mech-
anism of instability is local so it acts under quite general external conditions. Inthis sense
it's similar to axisymmetrical instability of the rotating unmagnetized 
uid obeying the
famous Rayleigh criterion (Rayleigh (1880), Rayleigh (1916) ). Themagneto-rotational
instability in the accretion disks was �rst investigated by Balbus and Hawl ey in 1991 [Bal-
bus & Hawley (1991a), Balbus & Hawley (1991b)]. In subsequent papers they showed
by numerical simulations that initially small disturbances give rise to MH D-turbulence
even in the pure Keplerian disk [see the review by Balbus & Hawley (1998)].

In spite of the apparent success within the framework of magneto-hydrodynamics the
second branch of investigations, representing pure hydrodynamical mechanism of insta-
bility, has a longer history. But this way proved to be not so pro�table, mainly because of
apparent global feature of instabilities for 
ows with speci�c angular moment um increas-
ing outwards. Ones of the �rst researches, who consecutively studied homentropic 
ow
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in point-mass gravitational potential { the rotating torus { were Pa paloizou & Pringle
(1984). They introduced the non-axisymmetric modes of disturbances. Since the local
consideration of such modes gives the same condition for instability as for axisymmetric
modes { the Rayleigh criterion, one has to solve global initial or eigenvalueproblem with
speci�c boundary conditions which is inevitably complex. In that way growing linear so-
lutions for free boundary conditions were found, what stimulated in 1980's the extended
research of non-axisymmetrical pure hydrodynamical instability in disks and tori.

A number of studies is a mixture of analytical and numerical approaches. Because of
the complexity of global stability analysis in general case the authors usually assumed

uid to be inviscid, with the rotation angular velocity obeying power law 
 / r � q and re-
stricted themselves to linear problem with simpli�ed geometry and various asymptotical
approaches. One should mention among others Goldreigh et al. (1986) who studied non-
axisymmetric normal modes in compressible homentropic slender tori and found themto
grow while

p
3 < q < 2 independent on polytropic index (even for incompressible mat-

ter). They also proved the equivalence of three-dimensional problem to two dimensional
problem with e�ective polytropic index N = n+1=2, so that incompressible slender torus
in three dimensions behaves compressibly in two. In accordance with Goldreigh Blaes&
Glatzel (1986) found that incompressible di�erentially rotating cylinder with constant
angular momentum is unstable. Sekiya & Miyama (1988) continued and showed that
slender incompressible cylinder is unstable not only untilq =

p
3 but up to q = 1 :5

for the second order of width. Calculations of Jaroszynski (1988) con�rmed this analyt-
ical result. A detailed analysis of compressible homentropic cylinders was implemented
by Glatzel (1987a), he found numerous branches of increments corresponding to sound
waves. There is a number of pure numerical studies as well. Among them Zurek & Benz
(1986) and Hawley (1987) who regarded a non-linear evolution of unstable torus with
uniform angular momentum distribution, Frank & Robertson (1988) and Kojima (1989)
who solved consequently an initial and eigenvalue problem for thick torus. It'sworth
also to point out works by Goldreigh & Narayan (1985), Drury (1985), Kato (1987) and
Glatzel (1987b) which clari�ed some aspects of physical mechanisms inducing the growth
of normal modes.

After the set of publications mentioned above it's become clear that 
ows with free
�nite boundaries give birth to surface gravitational waves and sound waves which can
grow by means of the resonant interaction in corotation region where pattern speed
of the normal mode !=m equals to the angular velocity of matter 
( r c). However, it
turned out that the corotation region can work as an ampli�er only in the presence of
re
ecting boundaries [see, for example, discussion in Goldreigh & Narayan (1985)], which
are arti�cial for pure Keplerian rotation. So the latter seems to stay una�ected by the
discussed sort of hydrodynamical instability (at least in linear regime). This fact induced
the further investigations of non-magnetized Keplerian disks. For instance, Rossbywave
instability which concerns non-homentropic 
ows was studied by Lovelace et al. (1987) or
so called bypass mechanism, i.e. the high transient growth of suitably tuned combination
of linear decaying modes in the linearly stable 
ows, was suggested as astrophysical
application by Mukhopadhyay et al. (2005).

In present paper, the model of di�erentially rotating cylinder (i.e., the shear 
ow i n
external point-mass gravitational potential without vertical structure) is reexamined for
both incompressible and compressible homentropic 
uid. Although it has been studied
previously [see, for example, Jaroszynski (1988) and Glatzel (1987a)] some new contri-
butions have been made here. Mainly, two types of rotation angular velocity pro�le were
involved: usual power law pro�le used by all previous researches without an exception
and Keplerian law with quasi-sine deviation which implies the absence of pressure (en-



Instability of laminar axisymmetric 
ows 63

thalpy) gradient at the boundaries. The simpli�cation of geometry allows to carry out
extensive numerical investigation; also previous studies of realistic con�gurations, i.e.
rotating tori, show that even in the basic 
ows with vertical size comparable to radial
extent the disturbances are almost independent on z coordinate, which causes the validity
of two-dimensional approach (see, for example, discussion in Kojima (1989), where this
fact is explained by independence of 
 on vertical coordinate).

2. Incompressible 
uid
2.1. Basic equation

The procedure to be implemented here is quite standard. Let us consider the perturbed

ow described by equations for incompressible perfect 
uid:

@V
@t

+ ( V � r )V = �
1
�

r P � r � ; (2.1)

(r � V ) = 0 ;

where the velocity and pressure consist of quantities for the basic 
ow and Eulerian
disturbances:

V = v + � v P = p + �p; (2.2)

Substituting (2.2) in (2.1) after linearization one gets equations for the disturbances:

@�v
@t

+ ( v � r )� v + ( � v � r )v = �
1
�

r �p; (2.3)

(r � � v ) = 0

It's natural to choose cylindrical coordinates with z-axis coinciding with the rotation
axis of the basic 
ow. Then we'll have the only one non-zero component of the basic
velocity, which will be represented by the angular velocity 
 = v' =r in the following
equations:
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= 0 :

Since the coe�cients in (2.4) are independent on t, ' and z, normal modes have the
form:

� v = �v (r )e� i ( !t � m' ) ;
�p = �p(r )e� i ( !t � m' ) ;

(2.5)

where as usualm { is azimuthal wavenumber, ! { is complex frequency which should be
determined from the eigenvalue problem for functions of radial coordinate. The existence
of positive imaginary parts of ! , i.e., increments of modes, will imply the global instability
to non-axisymmetric disturbances.
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For complex functions �vr , �v' and �p (�vz = 0 in our case) we have:

(� i! + im 
)� vr � 2
� v' = �
1
�

d�p
dr

;

(� i! + im 
)� v' +
1
r

d
dr

�

 r 2�

�vr = �
1
�r

im �p; (2.6)

1
r

d(r �vr )
dr

+
im
r

�v' = 0 ;

Finally, the basic equation for disturbances we write down for disturbance of 
ow
function � v = rot  which has only one non-zero component along thez-direction:

r
d
dr

�
r

d � 
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�
+

�
m

! � m

r

d
dr

�
1
r

d
dr

(
 r 2)
�

� m2
�

� = 0 (2.7)

2.2. Boundary conditions

We will use rigid and free boundary conditions. For the �rst one radial velocity distur-
bance must vanish at the boundary, that for 
ow function gives:

� jr 1 ;r 2 = 0 (2.8)

For free boundary the condition is quite di�erent:

� p jb = 0 (2.9)

where � p is the Lagrangian disturbance of pressure. That is why:

� p = �p + ( � r )p = �p + � r
dp
dr

; (2.10)

where � = � (r ; t) is the Lagrangian displacement of 
uid particle. By de�nition of � [see
Tassoul (1978)]

� v =
d�
dt

(2.11)

(2.11) then gives:

�� r =
i �vr

! � m

(2.12)

At last, using (2.6), we write down free boundary condition for � :

(! � m
)
d � 
dr

+
�

m
r 2

d
dr

(
 r 2) +
m2

r
1

! � m

1
�r

dp
dr
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�
�
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�
� r 1 ;r 2 = 0 (2.13)

2.3. The way of solution

First let us exclude the �rst derivative in (2.7) by the replacement of � :

� =  ̂=
p

r

This gives the new equation:

d2  ̂
dr2 �

�
m

m
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�
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r
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4

�
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r 2 = 0 ;

as well as the rigid and free boundary conditions:

 ̂ jr 1 ;r 2 = 0 ;
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The equation to solve has the formu00� Gu = 0, where 0 is derivation by r , u { unknown
function and G { some function of r . This is equivalent to the system of equations in real
variables, i.e., for real and imaginary parts ofu:

u00
r = Gr ur � Gi ui ;

u00
i = Gi ur + Gr ui ;

(2.15)

which for growing modes can be integrated along the real axis according to Lin's rule (Lin
(1945)) about path-tracing of the singular point of equation (somewhere in the complex
plane there is a corotation singularity ! = m
).

Let us rewrite Eq. (2.15) in standard form:

u0
l = F k

l uk ; (2.16)

where u is now a composition of real and imaginary parts of unknown function and its
�rst derivatives and F k

l is a 4� 4 matrix of certain functions. The sum with respect to
double indices is implied here and below. The general solution to (2.16) is

ul = f k
l u0

k ; (2.17)

where f k
l = f k

l (r ) are independent particular solutions, and u0
k { some constants. Then

if at r 1 (the left boundary point) one imposes the condition f k
l (r 1) = � k

l , u0
k will be

a solution to (2.16) at r 1, which must satisfy the boundary condition. The real and
imaginary parts of the latter will give at r 1:

bl
1u0

l = 0 ; (2.18)

bl
2u0

l = 0 ;

At r 2 we will have other two equations:

bl
3ul = 0 ; (2.19)

bl
4ul = 0 ;

where bl = f k
l (r 2) u0

k . Consequently, we have a set of algebraic equations foru0
l

Ak
l u0

k = 0 ; (2.20)

where A is written down in the form:
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0

B
B
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2 b4
2
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l (r 2) bl
3f 4

l (r 2)
bl

4f 1
l (r 2) bl

4f 2
l (r 2) bl

4f 3
l (r 2) bl

4f 4
l (r 2)

1

C
C
A (2.21)

All elements bl should be determined from the boundary conditions for particular values
of parameters and numerical integration of (2.16) betweenr 1 and r 2 with the initial
conditions � k

l gives 16 values forf k
l (r 2).

The condition of non-trivial solution to Eqs. (2.20) and, consequently, to the set (2.16)
is:

det jjAk
l jj = 0 : (2.22)

Equation (2.22) is a secular equation for eigenvalue problem. In present workthe de-
scribed algorithm has been used to �nd the roots of (2.22), i.e., values of! i > 0 which
correspond to the solutions of boundary problem.
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2.4. The basic 
ow: angular velocity pro�les

The angular velocity pro�le of the basic 
ow is the result of gravitation and pr essure gra-
dient balance. Consider that pressure distribution has its maximum at r 0 and decreases
to some values at the boundaries (to zero in case of free boundaries). Two variants are
possible: the pressure gradient either vanishes or not at the boundary. To check both,
two rotation pro�les were chosen:


( r ) = 
 0

 �
r
r 0

� � 3

+
K

r=r 0
sin

�
2�

r � r 1

r 2 � r 1

� ! 1=2

(2.23)


( r ) = 
 0

�
r
r 0

� � q

(2.24)

For the given rotation law the pressure distribution can be found, since:

1
�

dp
dr

= 
 2r � 
 2
gr; where 
 g = 
 0

�
r
r 0

� � 3=2

: (2.25)

If 
 is determined by (2.23), the p(r ) is symmetrical relative to r 0, so r 2 � r 0 =
r 0 � r 1 = w=2, where w is the radial thickness of the cylinder. K puts the pressure
gradient deviation to Keplerian law. If 
 is determined by (2.24) then the boundary
points must be calculated by integration of (2.25) and roots �nding of p(r ) = p0 (in case
of free boundariesp0 = 0). Here r 0 6= ( r 1 + r 2)=2.

At the plots displayed below the dimensionless units are used, i.e the distance is mea-
sured in units of r 0 and the frequencies - in units of Keplerian angular velocity at r 0.
The radial thickness of the basic 
ow is given by w = ( r 2 � r 1)=r0 � 100%.

2.5. Numerical results

2.5.1. Keplerian law with quasi-sine deviation

First the results for rotation pro�le with pressure gradient vanishing at t he boundaries
[i.e., given by Eq. (2.23)] will be presented. In Fig. 1 an example of the determinant curves
[look at Eq. (2.22)] for certain values of parameters (m, K , and w) is displayed. Clearly,
there is some!i , when DET (! i ) = 0. An exact eigenfrequency and eigensolutions are
presented in Fig. 2 for the samem, K , and w. It turns out that each eigenfrequency
! has rank = 2, i.e., two independent eigensolutions, what can be seen in Fig. 2. In
the next �gures the dependencies! i (m) are plotted for both rigid and free boundaries
(Figs. 3 and 4). For speci�c magnitude of pressure gradient and thickness of the cylinder
there is always a maximal value of the azimuthal wave number when the instability
disappears. So, the small scale structure modes unable to grow, at least for concerned
rotation law. The typical values of ! i and maximal unstable m decrease as the 
ow
becomes wider or 
 approaches the Keplerian law. This can be seen in Fig. 5 where the
maximal m as function of K and w is plotted. Looking at Fig. 5, one easily concludes
that for a �xed azimuthal wave number the instability must disappear as we increase
the thickness or decreaseK . So the most natural way to present the results here is to
plot the limits of the instability in the plane of parameters K and w (look at Fig. 6).
First of all to compare with the instability to axisymmetric disturbances we put curve
(a). For ( K; w ) under (a)-curve the 
ow is stable according to Rayleigh criterion, because
for higher K the region with speci�c angular momentum decreasing outwards appears in
the 
ow. We also put one more important bound { the curve (b), which represents the
Rayleigh in
exion point condition Rayleigh (1880). This means that under curve (b) the

uid is stable to non-axisymmetric disturbances with rigid boundaries, i.e., the speci�c
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vorticity of the 
ow does not have an extremum at ( r 1; r 2). Then (c) and (d) curves
denote the general limits of non-axisymmetrical instability for rigid and fr ee boundaries
consequently, since this was calculated for the lowest possiblem = 1 and the modes with
shorter wavelengths become stable for higherK and lower w (see also other curves which
correspond tom = 2 and m = 10). The conclusion is that the presence of free boundaries
signi�cantly extends the instability, although it always vanishes at some K 6= 0 when the
in
exion point still exist in the 
ow. In terms of common interpretation dev eloped by
Goldreigh et al. (1986) and Glatzel (1987a) it can be explained as the e�ect of surface
waves resonance interaction, which acts while the e�ective gravity near the boundaries
has a su�cient magnitude. On the contrary, the rigid boundaries suppress the growth of
non-axisymmetric modes and they are unstable whenever there is instability according
to Rayleigh criterion (however, one can notice that for w ' 90% and higher the mode
with m = 1 grows even if the 
ow is stable to axisymmetric modes).

2.5.2. The power law rotation pro�le

Let's turn to a power law rotation pro�le which was of common use in the most of
previous studies. Note that we don't consider rigid boundaries here, because the power
law doesn't have the vorticity in
exion point at ( r 1; r 2). All numerical results concerning
incompressible 
uid are presented in Fig. 7 and Fig. 8. The dependencies! i (m) can be
compared with previous ones for another rotation pro�le. The principal thing is that
the is no maximal m now [except the degenerate caseq = 2 which was also considered
analytically and the results are in consistency with studies of Blaes & Glatzel (1986)].
Instead, the increments slowly approach a zero asm ! 1 . The same is about dependence
on thickness of cylinder, i.e. the instability doesn't disappear even in 
ows with high
radial extent. These curves for di�erent q �ll up the results of Jaroszynski (1988) and of
Sekiya & Miyama (1988) since they solved the same problem. It is easy to noticeas well
that curves with q <

p
3 restore quadratic law for small w in accordance with Sekiya &

Miyama (1988).
The dependence! i (q) for several values ofw shows that the 
ow with non-zero pressure

gradient at the free boundaries is unstable up toq = 1 :5 and growth rate is most high
for intermediate w � 100%.

Thus, the non-Keplerian rotation at the boundaries makes the pure Keplerian 
ow
\asymptotically unstable:" an exact Keplerian rotation is linearly stable, but arbitrary
small deviation from q = 1 :5 causes weak instability. The last statement is missing in case
of Keplerian 
 at the (free) boundaries: there is always some gap between pure Keplerian
rotation and limit of last unstable non-Keplerian rotation (there is critica l K > 0).

3. Compressible 
uid
3.1. Basic equation

Since the 
ow is assumed to be homentropic, the compressibility obeys a polytropic
equation of state: p = K � 
 . It's convenient to introduce enthalpy:

h = 
= (
 � 1) p=�;

so that dh = dp=�, �h = �p=� and dp = a2d� with the sound velocity squareda2 = 
p=� .
It is not di�cult to show that compressibility can't be neglected in 
ows with �nite f ree

boundaries we consider in present paper. Exactly, pressure vanishes at the boundaries and
for 
 ' 1 and reasonable rotation pro�les the maximal value ofa2 is always comparable or
less than shear velocity di�erence betweenr 1 and r 2. So the density disturbances should
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in
uence the instability properties. In spite of this fact, an incompressible approximation
also needs to be studied to complete the picture.

In the same manner as for incompressible 
uid, we obtain the system of equations for
small disturbances and substitute the normal modes.
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So, if as usual

� v = �v (r )e� i ( !t � m' ) ;
�h = �h(r )e� i ( !t � m' )
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It is easy now to construct the basic equation for compressible homentropic 
ow distur-
bances:

d
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where

� 2 =
2

r

d
dr

�

 r 2�

is the squared epicyclic frequency, �! = ! � m
 ; D = � 2 � �! 2:

3.2. Boundary conditions

We will consider only free boundaries in this section, and the boundary condition stays
the same as previous:

� p jb = 0 ; (3.5)

Using (2.12) and the system (3.3), from (3.5) �nd the condition for �h:

dh
dr

d�h
dr

�
�

D +
1
r

dh
dr

2m

! � m


�
�h

�
�
�
�
� r 1 ;r 2 = 0 (3.6)

3.3. The basic 
ow: angular velocity pro�les

We take the same pro�les as for incompressible 
uid. All conclusions made for incom-
pressible case are valid here except that the pressure distribution should be replaced by
the enthalpy distribution.
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3.4. The way of solution

Equation (3.4) has three singular points. The �rst one { the corotation po int { lies in
complex plane and since we are looking for growing modes [Lin (1945)], it doesnot touch
us. The other two points are the boundariesr 1; r 2. They are poles, so in the vicinity of
r 1 and r 2 the solution can be found in the form of generalized series:

�h = ( r � r 1) �
1X

i =0

ai (r � r 1) i (3.7)

Equation (3.4) divided by the coe�cient before the second derivative of enthalpy distur-
bance we'll write as:

�h00+ G1�h0 � G0�h = 0 ; where (3.8)

G1 =
P1

(r � r 1)
; G0 =

P0

(r � r 1)2 ;

P1 and P0 - analytical in r 1 and r 2.
Let us substitute Eq. (3.7) in Eq. (3.8). Expanding coe�cients of Eq. (3.8) o ver the

Taylor series we can easily get the recursive relations forai in (3.7):

ai =

i � 1P

j =0
(p0

i � j � jp 1
i � j � �p 1

i � j ) aj

� (� � 1) + 2 i� + i (i � 1) + �p 1
0 + ip1

0 � p0
0

(3.9)

For a non-trivial solution, i.e., a0 6= 0, � must satisfy the quadratic equation:

� (� � 1) + �p 1
0 � p0

0 = 0 (3.10)

Two roots of Eq. (3.10) correspond to two independent solutions to the di�erential equa-
tion (3.8).

For di�erent 
( r ) we'll have the following values of � :

� 1 = 0 ; � 2 =
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; for 
 given by Eq. (2 :24): (3.11)

� 1;2 =
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2(
 � 1)

� 2

+
2D(r 1;2)

(
 � 1)h00(r 1;2)
; for 
 given by Eq. (2 :23): (3.12)

For rotation power law we choose� 1 = 0 and write relation between a1 and a0:

a1 =
�

2m

(! � m
) r

+
D
h0

�
a0; (3.13)

all quantities should be calculated at the boundaries.
Sincea0 = �h jb , a1 = d�h=dr jb , comparing Eq. (3.13) with Eq. (3.6), we conclude that

particular solution of (3.8) with � 1 = 0 satis�es the free boundary condition. The fact
that free boundary condition at the same time is a regularity condition for the solution
was marked, for instance, by Goldreigh et al. (1986).

For the second rotation pro�le enthalpy gradient vanishes in r 1 and r 2 so the boundary
condition is simply �h = 0 jb which corresponds to � 6= 0. However, it's necessary to
impose extra requirementRe(� ) > 1. This means that �h and d�h=dr must be regular at
the boundary. Test calculations showed that in wide range of parameters one of the� 's
from Eq. (3.12) has negative real part. So another root should be chosen and checked for
Re(� ) > 1.

After � and the particular solution nearby the boundary point was found we integrate
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di�erential equation (3.8) in real variables along the real axis from the points close tor 1

and r 2 up to some point in the middle of radial interval:

�h00
r + G1

r
�h0

r � G1
i u0

i � G0
r
�hr + G0

i
�hi = 0 ;

�h00
i + G1

i
�h0

r � G1
r u0

i � G0
i
�hr � G0

r
�hi = 0

(3.14)

with two values of a0:
a0 = 1 + i � 0;
a0 = 0 + i � 1

Then we have four solution vectors:
0

B
B
@

�hr
�h0

r
�hi
�h0

i

1

C
C
A (3.15)

The criterion for solution subsistence can be formulated as

C1(1l ) + C2(2l ) = C3(1r ) + C4(2r ); (3.16)

where indices \l" and \r" denote the numerical solutions at the middle point obtained b y
integration, consequently, from the left and the right boundary. Ci are some constants.

Again, the condition of non-trivial solution of (3.16) is that the determinan t of matrix,
composed of four solution vectors, equals to zero. In that way we get the secularequation:

DET (4 � 4) = 0 ; (3.17)

which was solved as the similar one for incompressible 
uid.

3.5. Numerical results

3.5.1. The power law rotation pro�le

Exactly this model was studied by Glatzel (1987a). He presented the results of! i (w),
! r (w) calculation for m = 10 and various 2:0 > q > 1:7. It was shown that principal
mode [see Goldreigh et al. (1986)] that drives instability in slender tori andthin cylinders
disappears forq < 1:7, so that mentioned 
ows become stable (Incompressible 
uid is
unstable of 2 > q > 1:5, see above). Our calculations are in agreement with Glatzel's
results, in particular, we obtain the same eigenfrequencies as in section 10 of Glatzel's
paper. However, some new facts were revealed are published here.

In Figs. 9 and 10 the dependencies! i (w) and ! r (w) are plotted for m = 1 ; 10, q = 1 :58,

 = 5=3. Also we depicted! i (w) for incompressible 
uid. Above all, the principal mode
is absent here, i.e., there is minimal thickness of instability (see its dependence onm in
Fig. 12). It turns out that multiple branches of instability get lost with the increasing

 . At the same time an incompressible branch increment vanishes for
 > 5=3. The
principal mode interpreted as surface waves interaction [Goldreigh et al. (1986)] is in
point of fact an incompressible branch, just modi�ed by compressibility, so in accordance
with previous studies it doesn't act for parameters chosen in Figs. 9 and10. Instead, we
see modes which are usually called sound waves [Glatzel (1987a)]. These assertions are
con�rmed by Fig. 13. The upper curves show the dependence! i (
 ) for di�erent q0s. The
correspondingw are the thicknesses of maximal increments in incompressible 
uid (see
Fig. 8). The lower curves, on the contrary, are the dependencies! i (
 ) for �xed q and w.

Special results were obtained form = 10. Pattern speeds! r (w) draw picture that re-
sembles a \�r-tree" (in case of incompressible 
uid we did not plot pattern speeds since
it is of small interest: the only one value of ! r typically is slightly less than m 
( r 0)).
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Concerning increments, they show the ability to increase signi�cantly for particular val-
ues ofw. Test calculations revealed that this property of instability present for azimut hal
wave number higher than 1 for di�erent 
 . The steepness of these peaks is illusive and is
caused by low resolution in horizontal direction. We present an additional Fig.11, where
we leave only two compressible branches to show the behavior of! i . To understand the
peculiarity of modes corresponding for peak increments we plotted the eigenfunctions
in Fig. 14. One can see that the solutions obtained for slightly di�erent thicknesses,
strongly diverse. The main feature is that for peak increment the enthalpy disturbance
increase signi�cantly close to both boundaries, whereas for \ordinary" incrementit hap-
pens only at the outer boundary. To complete the picture, we plotted also the radial
velocity disturbance pro�le in Fig. 15.

3.5.2. Keplerian law with quasi-sine deviation

Let us the enthalpy gradient to be vanished at the boundaries. To be able to compare
coming results with the previous we de�ned K equivalent to the particular q, i.e., for
given power law rotation we determine the Keplerian law with quasi-sine deviation so
that H (r 0)jq = H (r 0)jK (look at Fig. 16). So we determinedK equivalent to q = 1 :58 and
calculated increments depending onw for m = 1 ; 10 (see Fig. 17). At once it becomes clear
that there are no ! i > 0 with 
 = 5=3, which was used in Figs. 9 and 10. Instability sets in
beginning from higher values of
 , and now there are no multiple branches of increments
{ for certain parameters one �nds single eigenfrequency, as it was for incompressible
frequency. Moreover, all solutions we found for
 < 1 turn to incompressible modes of
disturbances while
 ! 1 . So the Keplerian rotation at the boundaries neutralizes pure
sound modes we've got in case of power law rotation pro�le. This explains why
 = 5=3
is stable { the incompressible branch vanishes forq > 1:58 (see previous section), or,
similarly, for K , equivalent to q > 1:58. The upper plot in Fig. 18 is similar to the same
one in Fig. 13. Clearly, for 
 = 5=3 incompressible branch vanishes atK eq, corresponding
to q ' 1:6 in contrast to power law rotation when critical q ' = 1 :73. Finally, the lower
plot in Fig. 18 represents the limits of instability in the ( K; w )-plane similarly to Fig. 6 in
the case of incompressible 
uid. The leaved curve (a) and added limits ofm = 1 unstable
modes corresponding to several
 . As we see, in general, compressibility makes the 
ow
more stable to non-axisymmetric disturbances, so that the gap between minimal unstable
K and pure Keplerian rotation becomes broader.

4. Conclusion
The instability to non-axisymmetric disturbances of axisymmetric di�erentia lly ro-

tating 
ows with no node in vertical direction was reexamined for incompressible and
compressible homentropic perfect 
uid. The results for rigid and free boundaries were
compared. The Keplerian rotation law with quasi-sine deviation allowed to investigate the
in
uence of the e�ective gravity at the boundary on the stability of basic 
ow. It r evealed
that if the latter vanishes there's a gap of stability between pure Keplerian rotation and
last unstable non-Keplerian rotation, otherwise arbitrary small deviation f rom Keplerian
law causes weak instability. In case of compressible 
uid the absence of e�ective gravity
at the boundary also suppresses the instability to sound waves, i.e., modes which emerge
for power law rotation with 
 < 1 and disappear as soon as
 = 1 . In other words,
there are no other growing disturbances except the single compressible counterpart of the
incompressible branch. At the same time the power law rotation gives birth to multiple
sound wave branches of the instability if
 < 1 , what was discovered by Glatzel [Glatzel
(1987a)]. New details of increment behavior were found in present work in spiteof the
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fact that the same model as in Glatzel (1987a) was considered. Exactly, strongincrease
of increments (peaks) was revealed for particular values of thickness for azimuthal wave
numbers higher that 1 and q close to Keplerian value. Normal modes that correspond to
peak increments have steep increase close to both of the free boundaries, whereas modes
with \ordinary" increments increase only near the outer boundary.
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Figure 1. Incompressible 
uid. An example of determinant curves DET (! i ) for Keplerian
rotation with quasi-sine deviation. Upper { for rigid, lower { for free boundaries.



74 V.V. Zhuravlev

0.995 0.996 0.997 0.998 0.999 1 1.001 1.002 1.003 1.004

r / r

-0.004

-0.003

-0.002

-0.001

0

0.001

0.002

0.003

0.004

0.005

0.006

0

Re

Im
K=0.02
m=100
w
w

i
r

=0.6511657...
=99.9887191...

0.995 0.996 0.997 0.998 0.999 1 1.001 1.002 1.003 1.004

r / r

-0.004

-0.003

-0.002

-0.001

0

0.001

0.002

0.003

0.004

0.005

0.006

0

Re

Im
K=0.02
m=100
w
w

i
r

=0.6511657...
=99.9887191...

0.995 0.996 0.997 0.998 0.999 1 1.001 1.002 1.003 1.004

r / r

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0

Re

Im

K=0.0008
m=100
w
w

i

r

=0.0997033...

=99.9967040...

0.995 0.996 0.997 0.998 0.999 1 1.001 1.002 1.003 1.004

r / r

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0

Re

Im

K=0.0008
m=100
w
w

i

r

=0.0997033...

=99.9967040...

Figure 2. Incompressible 
uid. The eigensolutions for rigid (upper plots) and free (lower plots)
boundaries for Keplerian rotation with quasi-sine deviation. Two inde pendent solutions corre-
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