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Abstract. MHD waves in non-uniform media are considered. Applications to the earth's magne-
tosphere and the solar atmosphere are examined. The �rst part mainly deal s with di�erent types
of wave{
ow interactions. The concepts of wave energy and energy 
ux are applied to analyze
the transfer of energy through the media in which the waves propagate. I n the second part, the-
oretical and observational aspects of MHD waves in solar coronal structures are discussed. The
emphasis is on standing acoustic waves in coronal loops recently detected by SoHO/SUMER. A
new method is proposed for the determination of physical parameters in loop structures. The
advantage of the new diagnostic method is that it does not rely on the presence of any particular
types of (coherent) waves.
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1. Introduction
Waves are natural carriers of information and energy. More than 99% of matter in the

known universe exists in the plasma state. In a magnetized plasma one might expect to
�nd waves that are similar to sound waves in a neutral gas. An example of such waves
are the magnetohydrodynamic (MHD) waves which play a rather important role in our
understanding of the universe. MHD type waves are always present in the solar-terrestrial
environment. They are constantly observed in the Sun and in the Earth's magnetosphere
by satellites and ground based instruments. Studying waves is important for the under-
standing of the physical processes in the media in which they propagate. The waves that
we are going to consider are supposed to have length scales much larger than the kinetic
length scales, such as the ion gyro-radius and the electron inertia length. They alsohave
periods much larger than the particle gyro-periods. All these facts allow us to apply the
MHD approach. The wave motion is governed by the continuity equation, the equation
of motion, the energy equation and the induction equation. It is well known that three
types of linear MHD waves may exist in a uniform medium: slow/fast magnetoacoustic
and Alfv�en waves. In the following sections, MHD waves in more realistic structured
media are considered. Several important physical phenomena introduced by structuring
are examined. In the �rst section, the well-known Kelvin{Helmholtz instability is inter-
preted in terms of coupling between magnetoacoustic waves in structured media. It is
shown that the coupling between Alfv�en waves and magnetoacoustic waves may resultin
a peculiar type of instability known as resonant 
ow instability. The trans fer of energy is
investigated using the concepts of energy 
ux and energy density. The results are mainly
applicable to the terrestrial magnetosphere. The second section deals with theoretical
and observational aspects of standing acoustic waves which have recently been detected
by the SUMER (Solar Ultraviolet Measurements of Emitted Radiation) spectrometer on
board the SoHO (Solar Heliospheric Observatory) satellite.
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2. Wave{
ow interactions
Wave{
ow interactions may occur in a variety of circumstances. Kelvin{Helmholtz

instability is of the most well-known example of such interactions. It is believed to play an
important role in the solar dynamo, sunspots, relativistic jets, aswell as in the interaction
between the magnetosheath and magnetosphere, heliosphere and interstellar medium,
fast and slow solar winds. Suppose two 
uids are in relative horizontal motion with
speed � V . The upper 
uid has density � + and the lower 
uid has density � � . In the
simplest case of an incompressible plasma, the interface is unstable if

� V >

s
g(� 2

� � � 2
+ )

k� � � +
; (2.1)

wherek is the horizontal wave number andg is the gravitational acceleration. According
to Eq. (2.1) short wavelength waves are more easily destabilized than long wavelength
waves. Eq. (2.1) is modi�ed when the density� and 
ow speedV are continuous functions
of height z: the interface becomes unstable when the Richardson number

Ri � �
gd�=dz

� (dV=dz)2 <
1
4

: (2.2)

A horizontal magnetic �eld introduces tension which has a restoring e�ect on plasma
displacements. Therefore it is natural to expect the Kelvin{Helmholtz instability to be
suppressed when the magnetic �eld is strong enough. The corresponding expression for
the setup velocity is given by

� V >

s
(B 2

� + B 2
+ )( � � + � + )

� 0� � � +
; (2.3)

where B � / B+ is the horizontal magnetic �eld in the lower/upper medium and � 0 is the
magnetic permeability.

Apart from having a stabilizing e�ect, the magnetic �eld may also introduce a di�er ent
type of instability in which the leading role is played by the Alfv�en waves . Consider a
waveguide model shown in the left panel of Figure 1 which may represent the magne-
tosphere. The cold plasma regionx > 0 is separated from the �eld-free magnetosheath
region x < 0 which is permeated by a uniform 
ow u0 in the normal y direction. The
uniform magnetic �eld B 0 extends in the z direction. Initially we assume that the (iono-
spheric) boundaries located atz = � l are perfectly re
ecting. There is another inner
re
ecting boundary in the x direction at x = d which may represent the the plasmapause
where there is a large density jump. On both sides of the magnetopause interfacex = 0
the linearized ideal MHD equations governing the wave motion can be represented in the
form

� 0
dv
dt

=
B 0

� 0
� r b � r

�
p +

B 0 � b
� 0

�
; (2.4)

1
� 0c2

s

dp
dt

= �r � v ; (2.5)

db
dt

= r � (v � B 0); (2.6)

where
d
dt

=
@
@t

+ u0 � r (2.7)

is the total time derivative and v ; p; and b are the perturbed velocity, kinetic plasma
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Figure 1. Schematic diagram of a uniform waveguide in which the interaction of ups tream (red)
and downstream (brown) fast waves leads to Kelvin{Helmholtz instab ility. The Alfv�en waves
are decoupled from the fast waves.

pressure and magnetic �eld strength, respectively. The problem of energy transfer is a
major aspect of our study. An equation of wave energy can be derived from Eqs. (2.4){
(2.7):

@W
@t

= �r � S; (2.8)

where the wave energy density

W =
� 0jv j2

2
+

jbj2

2� 0
+
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s

(2.9)

is the sum of the kinetic and magnetic energy densities and the energy density arising
due to adiabatic compression of the plasma. The wave energy 
ux vector is given by

S = Re
�

Pv � � (v � � b)
B 0

� 0
+ W u0

�
; (2.10)

where P = p + B 0 � b=� 0 is the total pressure perturbation. Initially it is assumed that
the density is everywhere constant. The velocity shear at the outer boundary leads to
Kelvin{Helmholtz instability. The instability is found by solving the syst em of Eqs. (2.4){
(2.7) as an eigenvalue problem. The eigenvalues are represented by the frequency! . The
right panel of Figure 1 shows that there are upstream and downstream propagating fast
waves. These waves are able to propagate across the magnetic �eld as well as inthe
�eld-free region (left panel of Figure 1). The frequency of the upstream/downstream fast
waves is a function of the 
ow speedV . The upstream waves change the direction of
their propagation when the 
ow speed V is su�ciently large. Figure 1 shows that the
Kelvin{Helmholtz instability occurs when the two fast waves couple to each other. There
are also Alfv�en waves which propagate along the �eld lines with constant Alfv�en speed
cA = B0=

p
� 0� 0. Therefore, the frequency of the Alfv�en waves remains constant and

there is no interaction between the fast and Alfv�en waves.
The Alfv�en speed becomes an increasing function of distance when the density de-

creases from the outer boundary to the inner boundary. Then the waveguide becomes
nonuniform (Figure 2). Each magnetic �eld line has its Alfv�en frequency and there is
Alfv�en continuum in the frequency domain. The limits of the continuum are determined
by the Alfv�en speed at the outer and inner boundaries. The right panel of Figure 2 shows
that there is interaction between the global fast and local Alfv�en waves when the fast
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Figure 2. Schematic representation of a nonuniform waveguide in which the Alf v�en speed
increases with distance from the outer boundary. This leads to an Alfv �en continuum so that the
fast waves interact with local Alfv�en waves at resonant surfaces wh ere their frequencies match.

wave frequency is inside the Alfv�en continuum. The interaction takes place at thereso-
nant surface where the two frequencies match each other. Mathematically the interaction
is represented by a regular singularity in the di�erential equations governing the wave
motion. The wave amplitudes become large at the resonant surface. The local spatial
structure of the solution is unknown in the ideal MHD limit and can only be determined
when terms corresponding to kinetic or weak dissipative e�ects are included in the equa-
tions. Interestingly, as pointed out by Tirry and Goossens (1996), it is possible to avoid
the integration of the full set of governing equations with dissipative terms included if
one is interested only in the oscillation frequencies (and not in the spatial behavior of the
solutions). This procedure becomes possible if the dissipative terms are important only
in narrow layers surrounding the resonant positions and can be neglected elsewhere. The
approach presented by Tirry and Goossens (1996) and applied to plasmas in which dis-
sipation arises due to the resistivity or viscosity was generalized by Taroyan and Erd�elyi
(2003) who showed that a similar procedure can be applied to plasmas in which weak
non-ideal e�ects around the resonances arise due to an arbitrary unspeci�ed mechanism.
The interaction of upsrtream and downstream fast waves leads to the well-known Kelvin{
Helmholtz instability. The interaction of upstream fast and local Alfv�en waves leads to
the less well-knownresonant 
ow instability . In both cases the wave amplitudes grow.
The resonant 
ow instability is characterized by smaller growth rates compared to the
Kelvin{Helmholtz growth rate. However, the 
ow speeds required for this type of in-
stability are lower. This fact may have important implications in such systems as the
magnetosphere, solar wind, etc. The analysis of the horizontal component of the energy

ux vector (2.10) allows us to identify the velocity shear at the outer boundary as a
source of wave energy. Any interaction (fast{fast, or fast{Alfv�en) ca uses the upstream
waves to extract energy from the velocity shear and carry it in both directions (into
the waveguide and away from it). In the case of resonant 
ow instability these waves
extract energy from the velocity shear at the boundary and irreversibly couple it to the
shear Alfv�en waves which carry the energy further in the vertical directions and deposit
it at the lower/upper (ionospheric) boundaries in the form of Joule heating. Almost
the entire amount of energy carried by the upstream fast waves into the magnetosphere
is transferred into the narrow resonance layer so that these waves are able to excite
large amplitude Alfv�en waves without exhibiting themselves away from the resonance.
Such Alfv�en waves are sometimes observed as �eld line resonances in the magnetosphere
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(FLRs). The resulting FLR amplitudes are much larger than in the case of the Kelvin{
Helmholtz instability which suppresses the resonance. Although the Kelvin{Helmholtz
waves carry the largest amount of energy into the magnetosphere, only a very small part
of it reaches the resonance region. The energy density of these waves is mainly con�ned
to the outer boundary. A more detailed analysis of the problem is given by Taroyan and
Erd�elyi (2003).

3. Acoustic seismology of coronal loops
Our understanding of the solar corona has signi�cantly improved with the launch

of the Solar and Heliospheric Observatory (SoHO) in 1995 and the Transition Region
and Coronal Explorer (TRACE) in 1998. Despite this progress, however, thereare still
important processes in the corona that remain elusive. Primary among them is the coronal
heating problem, the precise physical mechanism by which the solar atmosphere is heated
to its multimillion degree temperatures. It is not yet known how this energy is stored,
released and dissipated. It is, however, clear that the magnetic �eld plays a central role
in this process. The largest contribution to X-ray emission comes from magnetic loops
known as the basic building blocks of the solar atmosphere (Rosner et al. 1978). TRACE
images show the complex multistrand structure of these loops. It has been recognized
that the study of magnetic loops is crucial to our understanding of the dynamics of solar
coronal plasma. A successful comparison of measured and simulated temperature pro�les
could in principle be a diagnostic tool for loop heating. However, the measurements
are often ambiguous and contradictory. A well-known example illustrating the existing
controversy in the �eld is a single data set which has been interpreted in terms ofuniform
(Priest et al. 1998), footpoint (Aschwanden 2001) and apex (Reale 2002) heating.

In this respect, the newly emerging �eld of coronal seismology has a great potential.
Despite the considerable success of coronal seismology over the past few years, the main
e�orts have been directed towards the identi�cation and the study of the properties of
di�erent classes of waves in coronal structures. A major factor inhibiting the development
of coronal seismology is the di�culty with which the waves are detected: �rstly, most of
the waves are transient and localized in nature; secondly, the temporal and spatial reso-
lution of current space borne and ground based instruments is still not adequate enough.
It is therefore not surprising that the degree of precision and the methods employed in
coronal seismology remain basic compared with their counterparts in helioseismology.
New missions such as HINODE carry onboard both spectrometers and imagersand are
expected to make high cadence feature tracking-mode observations of quiescent coronal
loops for long periods of time.

The study of waves as possible heating candidates through resonant absorption, phase
mixing, ion-cyclotron resonance, non-linear conversion of Alfv�en waves, etc., isimportant
in its own right. Another major candidate is the nano
are heating mechanism proposed
by Parker (1988): the loops are wound and wrapped around each other due to the con-
tinuous shu�ing of their photospheric footpoints. This leads to many small a nd localized
bursts of energy through magnetic reconnection. Several studies have concentrated on
the observational consequences of such heating scenarios. The results usually indicate
that both wave and reconnection driven heating appear in small scale bursts of energy
which are randomly distributed along the loop. Here we are mainly interested in studying
the observational consequences of such localized heating events without specifying the
exact nature of the actual heating process.

Wang et al. (2002) observed longitudinal fundamental mode standing waves in hot ac-
tive region loops. Taroyan et al. (2005) explained the excitation of suchwaves in terms of
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a single heating pulse at the loop footpoint. The present paper discusses the possibility of
applying the helioseismic approach of power spectrum analysis to coronal loops: Doppler
shift time series are Fourier analyzed and the resulting power spectra are examined for
the presence of discrete peaks corresponding to standing wave harmonics.

Small amplitude longitudinal motions inside a 1D isothermal loop are governedby the
following linear inhomogeneous equation:

@2v
@t2

� c2
s

@2v
@s2

= �

 � 1

� 0

@H
@s

; 0 < s < L; 0 < t; (3.1)

where L is the length of the loop, v = v(s; t) is the longitudinal velocity and cs, � 0 are
the constant sound speed and density along the loop. The right-hand side of Eq. (3.1)
represents the source term and the functionH = H(s; t) is the heating rate which needs
to be speci�ed. Eq. (2.1) is supplied with the boundary conditions

v(0; t) = v(L; t ) = 0 ; 0 < t; (3.2)

and the initial conditions

v(s;0) =
@v(s;0)

@t
= 0 ; 0 < s < L: (3.3)

The boundary conditions (3.2) are a mathematical manifestation of the e�ects of the
dense chromosphere on small amplitude motions generated within the corona. Consider
the case when the loop is heated by instantaneous� pulses which occur randomly in time
and are randomly distributed along the loop. The heating function is expressed in the
form

H(s; t) = H 0

nX

j =1

� (t � t j )H (s � sj + sh )H (sj + sh � s); (3.4)

where n is the total number of pulses, H 0 is the maximum heat input, sj , t j are the
random location and the random o�set time of the j th pulse, sh characterizes the heating
scale length. It is assumed thatsh < s j < L � sh , i.e., the heating lies within the interval
(0; L ) and has a step function pro�le with a 2sh width centered at sj . The source term
on the right-hand side of Eq. (3.1) takes the form

�

 � 1

� 0
H 0

nX

j =1

� (t � t j ) [� (s � sj + sh ) � � (s � sj � sh )] ; (3.5)

Expression (3.5) is derived using the well-known fact that the derivative of theHeaviside
function is the Dirac delta function. The solution to the inhomogeneous wave equa-
tion (3.1) can be expressed in terms of the Green's function, boundary conditions (3.2)
and initial conditions (3.3):

v(s; t) = �

 � 1

� 0

tZ

0

LZ

0

@H(�; � )
@�

G(s; t; �; � ) d�d�: (3.6)

In order to see the structure of the power spectrum, the velocity signalv(s; t) is Fourier
analyzed. The result is

~v(s; ! ) =
4(
 � 1)H 0

� 0�c s

nX

j =1

X

k

Cjk

! � ! k
sin

�
(! � ! k )( td � t j )

2

�
; (3.7)

where k = � 1; � 2; : : : and td is the total duration of the observations. The terms in
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a) Doppler Shift Time Series for Ne VIII
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b) Wavelet Power Spectrum
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Figure 3. Results of the wavelet analysis. The top panel (a) shows the original Doppler shift
time series for Ne VIII. The bottom left panel (b) displays the wav elet power spectrum. The
red (blue) color represents high (low) power. The bottom right panel (c) is the global wavelet
spectrum. In the wavelet spectrum diagram (b), regions with 90% signi �cance level are outlined
in black. In the global wavelet diagram, the dotted lines indicate 99% sign i�cance level.

Eq. (3.7) have their peaks at the frequencies of the standing waves! = ! k . The factors
td � t j in
uence the narrowness and height of the peaks. The coe�cientsCjk / 1=k
(Taroyan at al. 2007) which means that the peaks become shorter with increasing har-
monic number k. Similar results are obtained in the case of pulses with �nite duration.

The results presented above could be interpreted as a manifestation of the superposi-
tion principle, i.e., any linear perturbation of a physical system is a superposition of its
normal modes. The inclusion of gravitational and thermal strati�cation, nonl inearity and
losses (such as thermal conduction and radiation) is expected to complicate the prob-
lem: the presence of peaks at the frequencies of standing waves is not guaranteed. The
problem is tackled numerically. The plasma motion is governed by the 1D equations of
continuity, motion and energy. It is assumed that a 40 mm long loop is being heated by
small-scale energy pulses at random times and random positions along the loop. These
pulses have random durations and balance losses due to thermal conduction and radia-
tion. The numerical integration of the governing equations is performed fromt = 0 s to
t = 20 000 s. The hydrodynamic behavior of the loop is obtained. It has an average apex
temperature of 1 MK and the footpoints are kept at a constant chromospheric tempera-
ture of 2� 104 K. The results of the numerical analysis are then converted into observable
quantities. This allows us to theoretically model possible manifestationsof the proposed
principle in the observations. The resonant Ne VIII spectral line, which has a formation
temperature of about 8� 105 K, is selected for analysis. It is a good representative of the
temperature ranges we are interested in. The details of the procedure for the derivation
of line pro�les are presented in Taroyan et al. (2007). Here we brie
y outline the main
steps. Positive velocities along the line of sight correspond to red-shift andnegative ve-
locities represent blue-shift. The Doppler shift depends on the heliographic position of
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the loop and the orientation of the loop plane with respect to the slit of the observing in-
strument. We assume that the observing instrument has typical SUMER characteristics:
thus a pixel size of 1 arcsec is taken. The projection of the bulk velocity of the plasma on
the line of sight and the corresponding Doppler width are calculated. These are used to
calculate the line broadening function and the emissivity of the corresponding line. The
emissivity is integrated along a loop segment [smin ; smax ] to obtain the total intensity of
the spectral line. The location of the endpointssmin ; smax along the loop is determined
by the heliographic position of the loop and its orientation with respect to the observ-
ing instrument. The derived Doppler shift time series for Ne VIII is Fourier analyzed to
obtain the power spectrum. Figure 3 shows the results of wavelet analysis. Themethod
proposed by Torrence and Compo (1998) is applied. It is assumed that the loop is located
at the disc center and has zero inclination with respect to the vertical plane. The slitis
oriented transversely with respect to the loop and crosses it at abouts = 11 Mm where
s is distance. The Doppler shift time series measured in km s� 1 is plotted in the top
panel (a) of Figure 3. The bottom left panel (b) displays the wavelet power spectrum.
The right panel (c) represents the global wavelet spectrum (measured in km2 s� 2) which
is the sum of the wavelet power over time at each oscillation frequency. The red (blue)
regions correspond to high (low) power. The cross-hatched region indicates the coneof
in
uence, where edge e�ects become important. In the wavelet spectrum diagram (b),
regions with 90% signi�cance level are outlined in black. In the global wavelet diagram,
the dotted lines indicate 99% signi�cance level. The inclusion of radiative losses,thermal
conduction and nonlinearity introduces noise in the power spectrum. The analysis shows
that the most prominent peak corresponding to the fundamental mode is always present
regardless of the random heating function and the heliographic position of the loop (like
the highest peak seen in Figure 3).. This peak could therefore be used to determine the
average temperature of the plasma inside the loop. The peaks corresponding to the�rst
harmonic appear in the case of uniformly random heating (like the second highest peak
seen in Figure 3). Loops heated near their footpoints only display the peak corresponding
to the fundamental mode. Therefore the power spectrum analysis could be used to es-
tablish the spatial distribution of the random heating. The power spectra are sensitive to
the temporal distribution of heating and, as a result, they could be useful in estimating
the average amount of energy involved in a single heating event. The power spectrum
analysis could also be applied to study the multistrand structuring of the loops.
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